Abstract: Whether O(N )-invariant conformal field theory exists in five dimensions with its implication to higher-spin holography was much debated. We find an affirmative result on this question by utilizing conformal bootstrap approach. In solving for the crossing symmetry condition, we propose a new approach based on specification for the low-lying spectrum distribution. We find the traditional one-gap bootstrapping is not suited since the nontrivial fixed point expected from large-N expansion sits at deep interior (not at boundary or kink) of allowed solution region. We propose twogap bootstrapping that specifies scaling dimension of two lowest scalar operators. The approach carves out vast region of lower scaling dimensions and universally features two tips. We find that the sought-for nontrivial fixed point now sits at one of the tips, while the Gaussian fixed point sits at the other tip. The scaling dimensions of scalar operators fit well with expectation based on large-N expansion. We also find indication that the fixed point persist for lower values of N all the way down to N = 1. This suggests that interacting unitary conformal field theory exists in five dimensions for all nonzero N .
Introduction
The conformal bootstrap program [1] is a nonperturbative approach for solving conformal field theories, whose remarkable success is hallmarked by the complete solution of rational conformal field theories in two dimensional spacetime [2] . Recently, this program has been extended to higher dimensions with impressive results, especially, in its new approach to strongly interacting sectors [3] - [7] and to solving quantum field theories with the best available computational efficiency and numerical precisions [8] , [9] . So far, all of these studies were confined to spacetime dimensions four or less.
The purpose of this paper is to extend the conformal bootstrap approach to conformal field theories in spacetime dimensions higher than four and explicitly demonstrate its promising utility by identifying interacting conformal field theories in five dimensions.
It has long been suspected that there are interacting conformal field theories in dimensions higher than 4. Yet, their existence were not clearly identified and even worse no theoretically satisfactory approach for systematic study of them was not developed. Recently, sparked by the suggestion from higher-dimensional higher-spin holography [10] that extends the previous proposal of higher-spin holography in four dimensions [11] , [12] and three dimensions [13] , there has been renewed interest to this question for theories that admit large N expansion. In particular, for theories with O(N ) global symmetry, perturbative approach based on combined 1/N -and -expansions [14] , [15] found positive indication for nontrivial ultraviolet fixed points. The result is very interesting and calls us for a better approach to overcome the perturbative nature of the method used. The conformal bootstrap program is one such approach and already aspects regarding central charge was studied [16] .
The bootstrap approach utilizes internal consistency conditions that follow from rigid symmetries of (super)Poincaré, (super)conformal, and internal types, unitarity and crossing invariance. The simplest nontrivial boostrap condition is provided by the four-point correlation functions and were studied extensively starting from the early developments. To demonstrate utility of the conformal bootstrap program in higher dimensions, we explicitly work out for O(N ) symmetric four-point correlation functions in five dimensions.
The study required us to refine the approaches that have been widely used in four or less dimensions. Namely, in solving the crossing symmetry conditions, traditional approach specified the theory with the scaling dimension of the lowest non-identity operator ∆ min (above the unitarity bound). We found that this traditional approach is incapable of locating nontrivial conformal field theory since, even for large N , the nontrivial ultraviolet fixed point predicted by 1/N -expansion was swamped inside the allowed region in the space of low-lying scaling dimensions. This is in sharp contrast to the results in dimensions for our less, where interesting nontrivial fixed points (as well as the Gaussian fixed point) was located at the boundary of the allowed solution region.
In this traditional approach, no further specification of the spectrum is given: spectrum of the scaling dimensions would form some dense distribution above ∆ min . We borrow the terminology of band theory in solid-state physics and name ∆ min as the band-gap 1 . To remedy the situation and to be able to locate nontrivial fixed points at the boundary of allowed solution region, we propose to specify the theory by two lowest scaling dimensions (∆ min , ∆ gap ) of non-identity scalar operators. The lowest scaling dimension is at ∆ min (above the unitarity bound) and the second lowest scaling dimension is further gapped at ∆ gap > ∆ min . Again, borrowing the terminology of band theory, we refer ∆ gap as the band-gap and ∆ min as the mid-gap 2 . Applying the proposed two-gap approach, we found that the solutions to the bootstrap condition formed a region more constrained that those that were found by the traditional one-gap approach. The boundary of allowed solution region took the shape of Σ with two pronounced tip points. For all specifications of (N, ∆ gap ) to the conformal field theory, We found that one tip is the Gaussian fixed point, while the other tip is the nontrivial fixed point whose location matches exactly with the location predicted by the 1/N -expansion result of [14] , [15] . Within the numerical precision, we found an indication that the nontrivial fixed point persists to all values of N , all the way down to N = 1. This paper is organized as follows. In section 2, we start with recapitulation of fundamentals of the conformal bootstrap approach. After recalling the one-gap approach and its incapability to locate nontrivial fixed point, we put forward our two-gap approach for solving the boostrap conditions. In section 3, we present our results and analysis. We gather various nontrivial features that are associated with our two-gap approach. In section 4, we summarize our results and discuss various issue for future study. In appendix A, we present moduli space of n-point correlation functions in a conformally invariant system in arbitrary spacetime dimension.
Conformal Bootstrap Approach
In this section, we recall aspects of the conformal bootstrap approach relevant for foregoing discussions.
Conformal Correlation Functions
Consider a conformal field theory in d-dimensional spacetime. The generators of the SO(d + 1, 1) Euclidean conformal algebra are Poincaré translation P µ , rotation M µν , dilatation D, and special conformal translation K µ . The correlation functions measure response of the system as a function of separations to perturbations sourced by local operators, so they should transform covariantly under the SO(d + 1, 1). The conformal algebra fixes the structure of 2-point and 3-point correlation functions completely. In turn, conformal field theories are completely specified by 2-and 3-point correlation functions.
Denote local operators as O I , where I refers collectively to all quantum numbers of the operator. Choosing the basis of local operators in orthonormal basis so that the 2-point correlation functions read
where ∆ I refer to the conformal scaling dimension of I-th operator, the 3-point correlation functions
are completely specified by the structure constants C IJK . Owing to the conformal invariance, total set of these structure constants are encoded by the operator product expansions (OPE). The OPE is most compactly expressible in radial quantization by ordering two operators at two different radii (equivalently, conformal time). For instance, the OPE of two identical scalar operators O reads [20] O
where the structure constants C ∆, are partial wave expansion coefficients and Φ ∆, is the partial wave amplitudes. The partial wave amplitudes includes the set of conformal primary operators. The conformal invariance dictates that all multipole moments of the OPE are primary states and their conformal descendants. In conformal field theory, every operator product is organized by conformal primary operators and their descendants, which are labeled by conformal dimension ∆ and spin . The 4-or higher-point correlation functions are not fully fixed by the conformal invariance. For instance, 4-point correlation function of local operators inserted at x 1 , x 2 , x 3 , x 4 comes with two arbitrary degrees of freedom: the conformal cross-ratios (anharmonic ratios)of operator insertion points defined by 
Here, F (u, v) is a scalar function .
By construction, u, v are invariant under the conformal transformation. As such, the function F (u, v) has vanishing conformal weight, so further inputs are needed in order to constrain it. The conformal invariance allows to evaluate the multi-point correlation function by a sequence of operator product expansion (OPE). For the 4-point correlation function (2.5), this is reduced effectively to the OPE of two partial wave operators Φ ∆, . This OPE gives rise to the dependence on the square of the structure constant C ∆, and to a nontrivial function that depends on the conformal cross-ratios u, v. Therefore, the conformal partial wave expansion of the scalar function
The function G ∆, (u, v) is referred as the conformal block. If the theory is unitary, the reflection positivity asserts that the partial-wave coefficient C ∆, is real and hence C 2 ∆, is positive definite. We can get more information about the conformal block G ∆, (u, v) from the underlying conformal symmetry, and is derivable from quadratic Casimir of the SO(d, 2) conformal algebra [19] . If the spacetime dimension is even, the conformal block has a closed form expression in terms of hypergeometric functions [18, 19] . If the spacetime dimension is odd, it is not known yet whether the conformal block is expressible in closed form. In numerical bootstrap approach, we do not actually need to have such closed form expressions, since we can evaluate the conformal block from its recursion relations [22] .
Moduli Space of n-Points in Various Dimensions
Before proceeding further, we would like to generalize consideration of the previous subsection and count the number of conformal cross-ratios (anharmonic ratios) that can appear in n-point correlation functions. Since we could not find the discussions in the literature and since it has potential applications in other contexts such as scattering amplitudes and null polygon Wilson loops, we include the result in this section. The proof is relegated to the appendix.
Mathematically, counting the number of conformal cross-ratios (anharmonic ratios) amounts to counting the dimension of moduli space of n-points in d-dimensional space modulo conformal transformations. The conformal group
. So, one might naively suppose that the dimension of this moduli space is
However, this is not quite correct except for sufficiently large n for a given d. We tabulate the correct dimensions of the moduli space in Table 1 . Fortuitously, for fourpoint correlation functions, n = 4, the number of conformal cross-ratios is always 2 so long as the spacetime dimension is greater than 1. d 2 pt 3 pt 4 pt 5 pt 6 pt n(> 6) pt because of generators are fully used to fix the points. The 4-point correlation function has 2 degree of freedom when spacetime dimension larger than 2. Therefore, crossing symmetry constraint available even for the five-dimensional bootstrap.
Radial Representation of Conformal Block
Denote the four points the local operators are inserted as x 1 , x 2 , x 3 , x 4 . Utilizing the conformal invariance, we can fix location of three points x 1 , x 3 , x 4 as in Figure 1 . According to the result of previous subsection, there ought to be 2 remaining degree of freedom in arbitrary dimensions. Fixing 3 points as in figure 1 is consistent with this. Specifically, in five dimensions, we may conveniently put
2 ) 2 for Euclidean space and −(x
2 ) 2 for Minkowski space. Therefore, we introduce two variables so that this length equals to zz. In Euclidean space, the new variables (z, z) are two complex variables related each other by complex conjugation. In Minkowski space, the new variables (z, z) are two real-valued light-cone variables.
In terms of the new variables (z, z), the cross-ratios (2.4) are given by
Being now a function of complex variables, the conformal block is in general a multivalued function over the z-plane. It can be seen from the closed-form expressions of the conformal block in d = 2, 4:
where k λ (y) is the rescaled hypergeometric function:
We recall that the hypergeometric function has a cut z ∈ [1, ∞) along the real axis.
To avoid aforementioned branch cuts and render the conformal block single-valued, we need to restrict z, z outside the cut along z ∈ [1, ∞). This can be achieved by changing the variables (z, z) to
We are working in Euclidean space, so (ρ, ρ) are complex conjugate each other. Under the change of variable (2.12), the z-plane outside the branch cut along x ∈ [1, ∞) is mapped to the region inside a unit circle.
For the region inside a unit circle, we further change the variables to radial and polar variables:
The conformal block is now a function of (r, η) in this bounded domain, so it can be expanded in double power series. This expansion turns out to converge sufficiently fast [26] and thus serve a useful basis for semi-definite programming. The power series takes the form
is the Gegenbauer polynomials, and the summation domain D is given by
The series coefficient B n,j is determined by the differential equation for the Casimir operator of the conformal algebra. It turns out the first component in radial expansion is given by
Therefore, at leading order in radial expansion, the conformal block reads
We take the crossing symmetric point z =z = 1 2 , which corresponds to r = 3 − 2 √ 2. Higher order coefficients could be obtained similarly, but we do not need that information here. For more details of the coefficient B n,j , we refer to [26] .
One can compute the conformal block more efficiently by utilizing the Zamolodchikov recursive relation, as suggested in [17] . It is reduced to a set of recursive relation given by
Here, the term h ∞ (r, η) refers to a holomorphic function that specifies the 'boundary condition' at ∆ → ∞. This term can be determined from the Sturm-Liouville problem of the quadratic Casimir operator of the conformal group and equals to
Detailed information of poles and coefficients c i can be found in the original work [17] .
In the foregoing analysis, we shall adopt this recursive derivation of the conformal block, taking (2.17) as an input data. Numerical precision becomes better as the number of iteration is increased. In our run, we kept the precision up to ∼ 10 −30 of exact values.
One-Gap Bootstrapping: Review
We are now at the stage of imposing the crossing symmetry and the unitarity. The conformal 4-point correlation function of same scalar operators is invariant under permutation of operator insertion points x 1 , x 2 , x 3 , x 4 . A nontrivial constraint follows from exchange of two points, say, x 1 and x 3 . Acting on (2.5), this leads to the condition
In solving the crossing symmetry condition (2.20), the approach that has been practiced widely is to expand the scalar function F (u, v) as 21) where the identity operator is separated from all other operators: the summmation Σ runs over all primary operators of nonzero scaling dimensions ∆ ≥ ∆ min > 0 for zero spin. For spin , summation contains all primary operator over unitary bound. So, an input we specify is the gap in the spectrum ∆ min . We refer this specification as one-gap bootstrapping. The crossing symmetry condition (2.20) is now recast as
The crossing sum rule (2.22) can be solved by Taylor expanding it around the symmetric point u = v = 1/4. Changing the variables as (2.9), solving the sum rule (2.22) within analytic domain of z,z amounts to solving the set of infinitely many unfolded equations at the point z = z = 1/2:
where 24) subject to boundary condition:
The set of unfolded equtions (2.23) can be solved by the linear programming [24] . 26) where α m,n denotes a real coefficient. Taking this linear functional on both side of (2.23),
We need to solve (2.27) subject to the constraints that C 2 ∆, is positive and all ∆'s are above unitarity bound of respective spin(l = 0). In practice, numerical method for solving (2.27) requires truncation of summation up to suitable order. In our computation below, we have done so by truncating the unfolded basis (m, n) up to m + n ≡ k ≤ 15 and the spin basis up to ≤ max = 20. In solving the crossing symmetry condition, an approach widely used so far assumes a single gap ∆ min above the unitarity bound in scalar spectrum(l = 0). The sums over (∆, ) in (2.27) contain all continuous operators in scalar sector( = 0) but above ∆ min and all continuous operator in higher-spin sector( = 0). If there is set of α m,n that satisfy positiveness of both side of (2.27) under assumption of spectrum with specific value of ∆ min , it potentially represents a conformal field theory consistent with unitarity and crossing symmetry. If not, it may still represent a conformal field theory but it must be a non-unitary one. Numerically, the unfolded conditions (2.27) was solved originally in linear programming [24] and later in semi-definite programming [25] .
We performed the numerical bootstrap with one-gap approach. The result is shown in Figure 2 . The result indicates that, in sharp contrast to the numerical bootstrap results for spacetime dimensions 4 or less, the nontrivial ultraviolet fixed point predicted by large-N and -expansions (which we will review in the next section) lies well below the upper boundary of the allowed region. Moreover, there is no kink structure on the upper bounary. We thus conclude that the one-gap approach does not render any specific information on nontrivial fixed point. Clearly, the one-gap approach being incapable of pinning down the critical point precisely, a better approach is sought for.
Two-Gap Bootstrapping: Proposal
To remedy the problem alluded above that the one-gap approach is not capable of locating the ultraviolet critical point, the idea we put forward is to use two-gap approach. By this, we mean that we assume that the lowest scalar operator (other than the identity operator) has scaling dimension ∆ min and that all other scalar operators start with scaling dimension at least ∆ gap . Our approach is most transparently depicted in Figure 3 .
The idea is this: Compared to the one-gap bootstrapping, our two-gap bootstrapping expected to be carve out more space. This is because we are depleting primary operators in the scalar sector whose conformal scaling dimension lies between ∆ min and ∆ gap . Suppose a potential conformal fixed point has a scaling operator in the scalar sector spectrum between ∆ min and ∆ gap . The one-gap approach should capture this fixed point as a solution to the numerical bootstrap. On the other hand, the two-gap approach would consider this fixed point as an inconsistent theory. Therefore, we expect the two-gap approach constrains a putative conformal field theory further. A similar idea was considered in three-dimensional bootstrap program and there it also pointed to further restrictions for exploring ultraviolet and infrared fixed points [22] . As we will see later, however, a sharp difference is that nontrivial fixed points in spacetime dimensions less than four are already located by the one-gap approach, while those in spacetime dimensions larger than four necessitates the two-gap approach at the least.
More specifically, with the O(N ) global symmetry at hand, the operator product of two primary scalar fields φ i in the fundamental representation of O(N ) is schematically given by [28] φ
where the three terms in the right-hand side refer to the singlet, symmetric traceless, and antisymmetric irreducible representation sectors, respectively. As for the spin , the singlet and the symmetric traceless tensor sectors contain even spins only, while the antisymmetric tensor sector contain odd spins only. Reflecting this structure, sum rule for this case reads
where
In our two-gap approach, we propose to introduce two parameters (∆ min , ∆ gap ) into the singlet sector V S,∆, . For nonsinglet sectors V T,∆, and V A,∆, , we include all operators in so far as their scaling dimensions are above the unitary bound.
For the numerical optimization, we converted this problem into semi-definite programming [25] . We proceeded as follows. Firstly, using the radial approximation and the Zamolodchikov recursion relation (2.18), we expressed the function F m,n (∆, , z,z) as a sum over conformal blocks, in which structure of this building block is given by
. This is because, successive iteration of recursion relation (2.18)
generates product of
, which appears in (2.18). As Π i 1 ∆−∆ i is positive-definite, it suffices to focus on the polynomial P m,n (∆). Secondly, we parametrized scaling dimension of operators above ∆ gap in scalar sector by ∆ = ∆ gap (1 + α), α ∈ (0, ∞]. This puts P m,n (∆ = ∆ gap (1 + α)) a polynomial of α. Likewise, spin sector parametrized
. This parametrization means we consider all operators over unitary bound. Therefore, regardless of spin, the function P m,n (∆) is essentially polynomial of α. This polynomial structure of P m,n (α) enables to put the optimization into semi-definite programming. Below, we provide the pseudocode for our optimization of (2.27):
Semi-Definite Programming:
given (N, ∆ gap );
In the code, ∆ is the unitary bound for spin-operators, given by (d − 2 + ). In our computation, we truncated the spins to ≤ max = 20. Also, A and B are matrices that built from the polynomials P m,n (α). In our computation, we calculated the numerical value of A , B matrix entries by Mathematica. These matrix entries are the input parameters of semi-definite programming. For numerical optimization of semi-definite programming with respect to the parameters α m,n , we used the open source SDPA-GMP.
O(N ) Invariant Bootstrap in Five Dimensions

Scaling Dimensions of Light Scalar Opeartors
The 4 − expansion is a widely used perturbative approach for locating the secondorder phase transition and computing critical exponent. If the spacetime dimension is less than the Ginzburg criterion, d c = 4, near-critical behavior of the second-order phase transition is well described by the Landau-Ginzburg framework: their universality classes are classified by the spacetime dimensions and relevant internal symmetry. On the other hand, the second-order phase transitions in spacetime dimension above the Ginzburg criterion is described by the mean field theory, and this does not render any direct signal for possible non-trivial ultraviolet fixed point.
To get around this difficulty and to find nontrivial ultraviolet fixed point of O(N ) symmetry in higher spacetime dimensions, an alternative approach based on HubbardStratonovich method was considered [14, 15] . The theory, consisting of scalar fields φ i , σ of O(N ) vector and scalar representations, is defined by the Lagrangian density:
In six-dimensional spacetime, both λ 1 and λ 2 are marginal couplings. The fixed points are classifiable by the associated O(N ) symmetry. Two limiting situations are of interest. If the φ i field becomes heavy and decoupled, the theory is reduced to a system of O(0) symmetry in which the σ scalar field dominates the dynamics with cubic selfinteraction. At the fixed point, the coupling λ 2 is driven to a purely imaginary value. Therefore, this theory belongs to the universality class of the Lee-Yang edge singularity (which is a non-unitary theory). Otherwise, the O(N ) vector field φ i couples to a system of the σ scalar field with bosonic Yukawa-type interactions. Starting from the Gaussian fixed point, there would be the renormalization group flows leading to these fixed points. The perturbative computation of this system in 1/N and double expansion was performed in [14, 15] . Their result indicates that both situations of the fixed point is captured as N is varied: fixed point values of the coupling constants λ 1 , λ 2 are realvalued for sufficiently large N , while complex-valued for sufficiently small N . The spacetime dimension is above the Ginzburg criterion, so the flow between ultraviolet fixed point and the infrared fixed point is reversed compared to the spacetime dimension less than four.
In five-dimensional spacetime, the scaling dimensions of φ i and σ are computable perturbatively. They were computed up to third orders in 1/N -expansion [14, 29] . The result is
For sufficiently large N , we expect the critical theory to exist at (∆ φ , ∆ σ ) = ( , 2), distinguished from the free theory at (∆ φ , ∆ σ ) = ( Figure 2 , the two-gap approach carves out regions of low values above the unitarity bound. Its boundary features two cusps. The ultraviolet nontrivial fixed point is located at its lower tip, while the infrared Gaussian fixed point is located at its upper tip. result indicates that, for sufficiently small N , negative contribution of 1 N corrections dominate. In this case, ∆ φ falls below the unitary bound 3/2 of five-dimensional scalar operator. This suggests that, at sufficiently small N , the critical fixed point should be interpreted as describing a non-unitary theory.
Bootstrap Results
We considered the O(N ) global symmetric bootstrap, where the sum rule was decomposed according to (2.30) . We carried out the numerical bootstrapping with the proposed two-gap approach in the scalar sector V S,∆, by semi-definite programming. We identified regions in (∆ φ , ∆ σ ) space where the unitarity and the crossing symmetry conditions are satisfied. We repeated the procedure with varying N, ∆ min , ∆ gap and addressed the following questions.
• Does the two-gap approach constrain the theory space more than the one-gap approach? Is the two-gap approach enough to locate both the Gaussian and nontrivial fixed points on its allowed region boundary?
• What is the range of validity of perturbative 1/N -expansions?
• How do locations of the fixed points move around as the theory parameters N, ∆ gap are varied?
• • From scaling consideration, we expect that bootstrapping for d > 4 and bootstrapping for d < 4 are dual each other in that ultraviolet and infrared regimes are interchanged. Do we find such 'duality' from the result?
Carving Out
We first explore whether the two-gap approach curves out regions that were allowed within the one-gap approach. For the representative choice of N = 500, the result is shown in Figure 4 .
We already presented physical reason why we expect the two-gap approach puts more restrictive result than one-gap approach. Indeed, the two-gap approach result in Figure  4 further carves out the region allowed by the one-gap approach. In this result, we have set ∆ gap to 8.00 and k = 15. The result manifests two pronounced tips. The apex of upper tip region indicates free theory. Surprisingly, end of lower tip is quiet close to perturbation result (3.2).
Next, we bootstrapped with various N , fixing parameter ∆ gap = 8.0 as before. To see agreement of UV fixed point and shrapened end of tip, we zoomed in near low-tip area. The result displayed in Figure 5 . Each star mark is perturbation result from (3.2). Perturbative result of 1 N expansion for N = 100, 200 lies outside of allowed region. Our result shows bootstrap result and large-N expansion are comparable when N is larger than 300. Another notable point here is appearance of kink at lower bound. For N = 100, kink do not appears while other case shows sudden change of slope.
Varying ∆ gap
We also examined the impact of varying the parameter ∆ gap at a fixed value of N . We increased it to ∆ gap = 40.0, which is much larger than the value we set in Figure  5 . Since we are now ruling out more theories than for ∆ gap = 8.0, we expect the result carving more space out. The result displayed in Figure 6 indeed demonstrate that our intuition is met. The pattern of carving out is worth of nothing. Overall, the boundary curve of the allowed region retains the shape of Σ. As the gap ∆ gap is increased, the depletion mines out and pushes the mid-part of the boundary curve (the part that takes >-shape) to the right. On ther other hand, the outer boundaries -the upper boundary emanating from the upper tip and lower boundary emanating from the lower tip -are little changed. We confirmed that this behavior persists even if ∆ gap is increased up to 100.0.
Validity of Large-N Expansion
We also checked validity of the 1/N -expansion. Even if the band gap is large, as in Figure 6 with ∆ gap = 40.0, the ultraviolet nontrivial fixed point predicted by 1/N expansion (note that this expansion comes with large coefficients) sits close to the tip of the allowed region. This is the behavior we already observed for lower value of ∆ gap , as in Figure 4 for ∆ gap = 8.0.
From the proximity of the pertubative fixed point to the boundary of allowed region, we also draw a conclusion that the 1/N -expansion becomes less reliable at larger band gap ∆ gap . This can be gleaned from the data for N = 500. 5 indicates the perturbative fixed point was enclosed by the boundary curve. On the other hand, for ∆ gap = 40.0, Figure 6 indicates the perturbative fixed point hits the boundary curve. Inferred from Figure 5 to the trend of varying N , it is expected that the perturbative fixed point will lies outside the allowed region for N less than 500.
We consider the large-N match in (∆ φ , ∆ min )-space between the nontrivial fixed point predicted by large-N expansion and the tip of allowed Σ-region is a strong indication that the two-gap approach is a useful method for locating nontrivial fixed point at any N .
N = 1 versus (Non)unitarity
The perturbative 1 N -expansion result (3.2) yields imaginary value of the fixed point coupling constants at small values of N , suggesting breakdown of the unitarity. We thus explored signals of unitarity breakdown.
To take the extreme, we took the smallest possible value N = 1 and bootstrapped with the two-gap approach. Figure 8 we have observed at large N persist to this smallest value. The upper tip is still locked to the infrared Gaussian fixed point as for large N . The lower tip is still sharp, so we suspect that this lower tip represents an ultraviolet non-trivial fixed point of N = 1 theory.
It is remarkable that ∆ σ values for the ultraviolet nontrivial fixed point do not vary widely for different theories. For all values of N down to O(1) at a fixed ∆ gap , ∆ σ hovers around the values 2.0 − 2.5.
Infrared Gaussian Fixed Point
We also examined fine structure of the infrared Gaussian fixed point. Figure 8 is the result for N = 1 with ∆ gap = 7.0. Within the numerical precision, we find that the free field theory lies off the upper tip location in the forbidden region. This indicates that such theory flows between two interacting fixed points of which the infrared one displays lower scaling dimension spectrum quite close to the free field theory.
To scrutinize our interpretation, we took an extreme limit ∆ gap = 500.0. The result is displayed in Figure 9 . We see prominently that the tip location has considerably receded from the free theory location.
This pattern is intuitively clear. Nearly free field theory ought to contain a tower of scalar operators whose scaling dimensions take values close to integer multiple of ∆ φ = 1.5. So, a theory which has no scalar operator between mid-gap ∆ σ 2∆ φ and hierarchically large band-gap ∆ gap ∆ sigma cannot possibly be a free or weakly interacting field theory. The extreme limit ∆ gap → ∞ corresponds to a theory which contains only two states in the scalar operator spectrum. If such theory were to exist, the theory cannot be realized by a free or weakly interacting theory. Note, however, that this theory may (and in general does) have broad towers of higher-spin operator spectrum.
Conclusions and Discussions
In this paper, we studied nontrivial conformal field theories in five dimensions in conformal bootstrap approach. Within the class of theories possessing O(N ) symmetry, Figure 9 . Bootstrap result for N = 1 at k = 15. In this plot, our setup is k = 15 and ∆ gap = 500.0. We only focused on near-upper tip area. This upper sharpened point now far from free theory. Increasing ∆ gap into 700, 1000 gives same result, increasing ∆ gap has limit. Therefore, if there exist a theory such that finite operator contents on scalar sector, fixed point of this theory would not be described by free theory.
we found convincing evidence for the existence of ultraviolet nontrivial fixed point.
For the purpose of fixed point identifications, we solved the conformal bootstrap conditions of the scalar sector. For solving these conditions and, in particular, for identifying conformal field theories at the kink of allowed region boundary, we proposed what we termed two-gap approach. In this approach, above the identity operator, the theory features one scalar operator at the mid-gap ∆ min and all other scalar operators start above the the band-gap ∆ gap . Thus, the conformal field theories we identified are specified by two parameters, N and ∆ gap .
In the space of (∆ φ , ∆ min ) of the scalar operators, we found universally that the boundary of bootstrap solutions features (at least) two tips, of which one is the value of free scalar field theory. At large N , the other tip (or a point close to it) asymptotes to the perturbative fixed point predicted by 1/N expansion. We took this as a convincing evidence that we correctly identified our conformal bootstrap result with the ultraviolet nontrivial fixed point.
As for the two-gap approach, finer specification of the spectrum would invariably pin down the candidate conformal field theories further. Yet, we found that the two-gap approach is sufficient enough for the purpose of identifying the location of nontrivial fixed points. We relegate to a separate paper [30] our further investigation of twogap approach and of multi-gap approach, and results for the spectrum of higher O(N ) representations, higher-spin operators and central charges. We believe our finding bears strong implications in diverse fronts. Firstly, the existence of nontrivial O(N ) invariant conformal field theory in five dimensions suggests that there may exist a vast class of higher-dimensional quantum field theories without the help of supersymmetry (as was for nontrivial fixed points in five and six dimensions) that exhibits the asymptotic safety. It would be very interesting to explore them, especially including fermions and gauge fields, and chart out classification of nontrivial ultraviolet fixed points. It would also be interesting to consider these theories at continuous spacetime dimensions in the spirit similar to the -expansion and the corresponding conformal bootstrap program.
Secondly, the nontrivial conformal field theory (other than the Gaussian fixed point) suggest exciting possibility of higher-spin gravity theory in six dimensions. In this regard, generalization of our finding to U (N ) invariant conformal field theory coupled to five dimensional gauge theory with or without Chern-Simons term would be extremely interesting. One would like to know if there are distinct classes of higher-spin gravity theories with or without parity and time-reversal symmetries in a way reminiscent to the four-dimensional counterpart in higher-spin gravity [31] and to the three-dimensional counterpart in bosonic [32] or fermionic [33] Chern-Simons matter theories, on which there is by now convincing checks from computations on both sides [34] , [35] , [36] . We are currently investigating these directions and will report results in the near future.
Appendix: Moduli Space of Conformal n-Points Table 1 describes possible dynamical variables of n-point correlation function with respect to diverse spacetime dimensions. In this section, we describe details of that table. Let consider three-dimensional case. There is SO(4, 1) conformal symmetry with 10 generators. Correlation function ought be invariant under infinitesimal transformation generated by these generators. At the level of two point insertion, we can fix their location utilizing translation(P µ ) and special conformal(K µ ) generators. For convenience, we fix them on origin( x 1 = O) and infinity( x 4 = ∞). Therefore, 2-point correlation do not have dependence on conformal variables.
Suppose we add one more point inserted at x 3 (r, θ, φ). Using dilatation generator, we can fix radial coordinate as r = 1. Remaining two angle degrees could be fixed with part of rotation generator. Fixing these two angles θ, φ means specifying one axis and there is remained one rotation symmetry around this axis. Like 2-point, there is no possible conformal degree, 3-point function do not have dependence on conformal variables.
If we add 4-th point at x 2 , then remained one rotation symmetry used to fix one angle parameter of x 2 and we have two kinematic variables correspond to unfixed degree of freedom. Therefore, 4-point correlation function should contain two kinematic variables, it would be realized via conformal cross ratios u and v.
For the case of higher point insertion(larger than 4), no generators remained. Therefore number of kinematic variables just given by 3n − 10 when n is larger than 4.
Let move on four-dimensional case and observe how many variables available for various n. Again, two points insertion at x 1 and x 4 could be fixed at origin and infinity with translation and special conformal symmetry. Likewise three dimension, there is no dependence on kinematic variables for 2-point correlation function.
To count moduli space of 3-point and 4-point correlation function, let parametrize x 2 and x 3 , x 2 = (r cosθ 1 , r sinθ 1 cosθ 2 , r sinθ 1 sinθ 2 cosθ 3 , r sinθ 1 sinθ 2 sinθ 3 )
x 3 = (r cosθ 1 , r sinθ 1 cosθ 2 , r sinθ 1 sinθ 2 cosθ 3 , r sinθ 1 sinθ 2 sinθ 3 ) (.1) r, θ i are spherical coordinates. For x 2 , dilatation generator used to fix r = 1 and three generator of rotation are used to fix θ 1 , θ 2 , θ 3 . We designate x 1 direction as the axis pass through origin and x 2 . That is, three rotation generators we used are M 12 , M 13 , M 14 . All coordinates of x 1 , x 2 , x 4 are fixed by conformal generator, again 3-point function do not depends on conformal variables. Still, three rotation generators M 23 , M 24 , M 34 are remained. For fourth point insertion at x 3 , we nominate x 2 direction as the axis pass through origin and x 3 , without loss of generality. Specifying this axis, two generators M 23 , M 24 can be used to fix two radial coordinates θ 1 , θ 2 of x 3 . However, rotation around x 3 − x 4 plane(generated by M 34 ) is cannot be used to break symmetry. Therefore, two degrees with respect to r , θ 3 remains and this explains why 2 cross ratios should be appear on 4-point correlation function in 4-dimension. More higher point, all conformal generators utilized to break symmetry, therefore number of variables given by 4n − 15.
Higher dimension generalization is straightforward, which result displayed in Table  1 . As far as spacetime dimension is larger than 2, there should be 2 variables on 4-point correlation function. Therefore, we can apply 1-parameter or 2-parameter bootstrap process regardless of spacetime dimension.
